We show that the massless (3 + 1)-dimensional fractional helicity states cannot be described unambiguously on the basis of the infinite-dimensional representations of the sl(2, C) Lie algebra and that the theory of integer and half-integer helicity massless particles can be formulated only in terms of the finite-dimensional representations of sl(2, C). This, in particular, means that the (3 + 1)D Dirac positive energy covariant equations for massive fields have no massless limit. We construct the covariant, spinor sets of relativistic wave equations for a massless field on the basis of the two copies of the R-deformed Heisenberg algebra and observe that their solutions corresponding to the fractional helicity states break down the (3 + 1)D Poincaré invariance to the (2 + 1)D Poincaré invariance and induce a consistent theory for massive anyons in D=2+1. *
Introduction
It is generally accepted that the (2+1)-dimensional space-time reveals specific characteristics which are no more valid in higher dimensions. For instance, only in (2 + 1)D the states of arbitrary spin λ ∈ R and of corresponding anyonic statistics [1] different from the bosonic and fermionic ones do exist 1 . There are several ways to introduce anyons in (2 + 1)D including the Chern-Simons [4] and the group-theoretical [5, 6] approaches. In the latter, noticing that the SO(2, 1) group is infinitely connected, the massive anyons of spin λ ∈ R are realized on the infinite-dimensional half-bounded representations D ± λ of SL(2, R), the universal covering group of SO (2, 1) . Within that approach, in particular, the anyons can be described by the covariant vector [7] and spinor [8] sets of linear differential equations for infinite-component fields carrying the D ± λ representations. The little group for the (2 + 1)D massive anyon is SO (2) and it carries the same number of physical degrees of freedom as a (2 + 1)D massive scalar field [9] . This specific feature is also valid for the massless states in (3 + 1)D. Indeed, in (3 + 1)D the little group in the massless case is E(2), the group of rotations and translations in the 2D Euclidean space. Representing its non-compact part by zero, we reduce E(2) to SO (2) . Moreover, it was observed that some (2 + 1)D models for anyons can be obtained from the (3 + 1)D models of massless particles via the appropriate reduction [10] . These simple observations lead immediately to the following question: since SO (2) is not quantized and infinitely connected, would it be possible to introduce fractional helicity states in (3+1)D? It is worth mentioning that even in a standard text-book on relativistic quantum field theory [11] the author notes that he does not see a strong reason not to consider massless states carrying fractional helicity. Besides, some time ago it was claimed that, in fact, a massless limit of the original Dirac spinor set of equations describing a massive spin-0 field in (3 + 1)D [12] 2 gives rise to the (3 + 1)D massless states of helicity ±1/4 called "quartions" [13] . At last, it was also noted that the noncovariant formal quantization of the massless superparticle preserving its classical P -invariance should result in the supermultiplet with helicity structure (−1/4, +1/4) [14] .
In this paper we address in detail the problem of the description of fractional helicity massless fields in (3 + 1)D on the basis of the infinite-dimensional representations of the sl(2, C) Lie algebra realized in terms of the two copies of the R-deformed Heisenberg algebra [3, 15, 16] . We observe that the corresponding irreducible representations of the sl(2, C) algebra cannot be "exponentiated" to a representation of the SL(2, C) Lie group in the massless case. In other words, the fractional helicity representation of the little group SO(2) cannot be promoted to a representation of the (3 + 1)D Lorentz group being a subgroup of the corresponding massless representations of the (3 + 1)-dimensional Poincaré group. This is reflected in breaking the Lorentz invariance at the level of solutions of the covariant spinor set of equations for fractional helicity massless fields. The symmetry breaking corresponds to the violation of the invariance with respect to the rotations in two directions and to the boosts in one direction. Consequently, the Lorentz group SL(2, C) is broken down to SL(2, R), and a dimensional reduction from (3 + 1)D to (2 + 1)D, which gives rise to a consistent theory for massive relativistic anyons in D = 2 + 1, is induced.
representations of ISO(3, 1) characterized by the positive energy in a massive sector p 2 < 0. At the beginning of 70s Dirac [12] (see also [18] ) proposed a covariant spinor set of equations from which the Majorana and Klein-Gordon equations appear in the form of integrability conditions. As a result, the Dirac spinor set of equations possesses a massive spin-0 positive energy solutions, whereas its vector modification considered by Staunton [18] describes a massive spin-1/2 state 3 . We are interested in analysing the possibility of constructing relativistic wave equations for a massless field carrying fractional helicity. For the purpose, the fields related to the infinite-dimensional representations will be considered. Furthermore, having in mind an analogy with the (2 + 1)D case of anyons, it is convenient to use the infinite-dimensional representations of sl(2, C) realized by means of the two copies of the R-deformed Heisenberg algebra (RDHA) [15, 16, 8] with mutually commuting generators 4 :
In the case of a direct sum of representations of the algebras with which we begin our analysis, Π andΠ are projectors on the corresponding subspaces that in a matrix realization is reflected by the relations Π =
The operators R,R have a sense of the reflection operators and ν ∈ R is the deformation parameter. Representations of RDHA have been studied in detail and in ref. [16] a universality of the RDHA was observed: when ν = −(2k + 1), k ∈ N, its representations are finite-dimensional (parafermion-like), and are infinite-dimensional if not (being unitary for ν > −1). The choice ν = 0 with direct product of representations of two algebras corresponds to the Dirac [12] and Staunton [18] sets of equations. The case of direct product of representations of the algebras will be discussed below. For the sake of clarity and self contained presentation, we recall briefly the construction of infinite-dimensional representations of the algebra. These representations are built from the primitive vectors |0 and |0 , annihilated by a − andā − , correspondingly,
Let us consider the quadratic operators 
are defined in terms of the so(3, 1) generators J µν as follows:
by means of the relations 3 . Such identification corresponds to the concrete choice of the γ-matrices in covariant notations (see below).
Note here that the Fock spaces of the usual oscillators corresponding to ν = 0 are decomposed into the spin-1/4 and spin-3/4 representations of sl(2, C). Another realization of sl(2, R)
, and analogously for the right-handed part. Now, introducing sl(2, C) notations of dotted and undotted indices for two-dimensional spinors [24] , all can be rewritten in covariant notations. The spinor conventions to raise/lower indices are as follow: ψ α = ε αβ ψ β , ψ α = ε αβ ψ β ,ψα = εαβψβ,ψα = εαβψβ with (ψ α ) * =ψα, ε 12 = ε12 = −1,
a direct calculation shows that they generate the osp(4|1) superalgebra. Its bosonic part is sp(4, R) ∼ so(3, 2) = AdS 4 with generators
but we shall be interested only in its so(3, 1) part. Let us introduce the 4d Dirac matrices in the Weyl representation, 6) with the index structure σ µ αα ,σ µα α and
Then the spinor so(3, 1) generators
allow us to present the so(3, 1) generators in a covariant way,
The Pauli-Lubanski pseudo-vector is given by
with P µ being the generators of space-time translations. For any physically admissible representation of the Poncaré group the generators of the Lorentz group should be hermitian. This means that for any such a representation we have to construct an invariant scalar product with the necessary properties. In what follows we will discuss mainly the representation D + λ ⊕D + λ . Therefore, we consider in detail the construction of the invariant scalar product for this representation only. Though for massless states the left-and right-handed sectors are uncoupled, the both are needed for the construction of the invariant scalar product. We consider the vectors living on the reducible representation space, Ψ ∈ R ν ⊕R ν , i.e. Ψ = |ψ + |χ with |ψ ∈ R ν and |χ ∈R ν .
The representations of (2.1) possess the natural involution
This involution is not a covariant operation since it does not mix the left-and right-handed sectors.
As a consequence the state ψ * | = |ψ + is not a contravariant while the original state |ψ is covariant vector of the representation space. The Lorentz generators are not hermitian with respect to such an involution. In order to construct the covariant (hermitian) conjugation we introduce the intertwining operator Υ which permutes the left-and right-handed sectors,
For the finite-dimensional representation (
2 ) this operator corresponds to the usual γ 0 matrix. In general this operator can be represented as Υ = n (|n n| + |n n|).
The state ψ | = ψ * |Υ is a contravariant vector of the representation. Therefore, the sl(2, C) invariant scalar product is Ψ † Ψ, where Ψ † = Ψ + Υ. One can verify that the Lorentz operators are hermitian with respect to this scalar product,
For this conjugation we also have (L α ) † =Lα and R † =R.
The quantum mechanical (positively defined) probability density ψ * |ψ = ψ |Υ|ψ (the lefthanded part here) is not a covariant object. For example, for the above mentioned finite-dimensional representation it corresponds to the zero component of the vector current:ψγ 0 ψ.
Relativistic wave equations
With all these definitions and conventions, and using the results obtained in (2 + 1)D as a guideline [8] , let us introduce the fields |ψ ∈ R ν , |ψ ∈R ν , and postulate the relativistic wave equations
As for the Dirac [12] , Staunton [18] and (2 + 1)D anyons [8] , the spin degrees of freedom are related to the RDHA. Let us analyse the physical content of the equations (3.1). Using the identity
and similar one for the right-handed part, we arrive at the equations
and, as a consequence, the proposed relativistic equations describe relativistic massless fields. Moreover, it is easy to see that the solutions to the equations (3.1) obey also the relations
This means that they have a fixed helicity − From now on we just concentrate on the left-handed part. In components the first equation in (3.1) reads
Taking the sum and the difference of these equations, we get
Let us first consider a solution to (3.6) for the finite-dimensional representations of RDHA [16] with ν = −(2k + 1), k ∈ N. The finite-dimensional representations are built in the same manner (2.3) but in this case there is another primitive vector |2k annihilated by a + , a + |2k = 0. Such representation of RDHA is also reducible with respect to the Lorentz algebra,
It is worth noting that the solutions to equations (3.6) have the structure similar to that of the Weyl equation p µ σ µ ψ=0 written in components as
Indeed, the cone Γ = {p µ : p µ p µ = 0, p 0 = 0} can be covered by the two charts U ± = {p µ : p 0 ±p 3 = 0}. In each chart the solution can be represented in the regular form
where
obey on the cone the identity ω(p)ω(p) = 1. On the intersection U + ∩ U − the functions ϕ ± are related as ϕ − (p) = ω(p)ϕ + (p). Now we consider the solution to the equations (3.6) in the same way. The solution to the first equation from (3.1) is
with the functions ϕ ± related on U + ∩ U − as ϕ − (p) = (Ω(p)) k ϕ + (p). Here ϕ ± are the functions regular on U ± , and 
This solution is in the exact correspondence with the solution (3.7) to the (unitarily transformed) Weyl equation. The solution to the second equation from (3.1) can be considered analogously.
The situation for the infinite-dimensional representations turns out to be essentially different. A simple analysis of equations (3.1) with taking into account Eqs. (3.3) reveals some contradictory properties of the solutions: they exist in some frames and do not exist in others. Indeed, the solution in the frame where p µ = (E, 0, E, 0) is given by ψ ∝ |0 , with |0 the vacuum state of the RDHA. However, no normalized solutions can be found in the frame where p µ = (E, 0, −E, 0) or p µ = (E, ±E, 0, 0), p µ = (E, 0, 0, ±E). This means that the solutions are not invariant under some transformations of the Lorentz group, and, so, the Lorentz invariance is broken 6 . To make this more precise, we observe that for the covering {U + , U − } of the cone the formal solution to the first equation in (3.1) exists on U + only,
where ϕ(p) is a regular function and C n , Ω(p) were defined in (3.8) . Here the important general comment is in order. We deal with the infinite-dimensional representations, and even if the exponentials are perfectly defined, we have to understand their action on the states. For instance, acting with an element G of the group SL(2, C) on a state V with a finite number of non-zero components, we get a vector V ′ = GV with an infinite number of components, which could be not well defined (convergence problem). So, some care has to be taken with infinite-dimensional representations and, generally, an infinite-dimensional representation of the Lie algebra sl(2, C) is not obligatory a representation of the Lie group SL(2, C). Therefore, the solution (3.9) is proper one if its norm with respect to the internal space scalar product,
is finite. One can verify that the radius of convergence of the series is equal to lim n→∞ C n+1 Cn = 1. Therefore, we have the inequality |Ω(p)| 2 < 1, which can be rewritten as
Consequently, although the equation looks like SL(2, C)-invariant equation, the maximal invariance group of the solution is the one preserving the inequality (3.10). This means that the equation is invariant under SL(2, R) subgroup of SL(2, C) (the group generated by the rotations in the plane (1-3) and the boosts in the directions 1 and 3). This is a direct consequence of the fact that the representation D λ is ill defined at the level of the group, even it is perfectly defined at the level of the Lie algebra. Moreover, through the reduction sl(2, C) −→ sl(2, R), the corresponding representation gives the infinite-dimensional representation D considered as representations of the Lie algebra sl(2, R) (belonging to the discrete series) [23] . The latter representations can be exponentiated to a representation of the Lie group SL(2, R). So, the Poincaré invariance in (3 + 1)D, ISO(3, 1) , is broken to ISO(2, 1), the Poincaré invariance in (2 + 1)D. This means that the dimensional reduction to the direction p 2 gives rise to a consistent theory in (2 + 1)D describing a massive anyon of a mass m and spin λ = − 1+ν 4 [8] . In this case the condition of normalizability (3.10) is transformed into
This inequality defines the solution with energy of definite (positive) sign [8] , whereas the solution of negative energy turns out to be not normalized and has to be rejected. This is in exact analogy with the solutions to the massive Dirac (3 + 1)D positive energy spinor equations [12] . For the case of the finite-dimensional representation, when 2λ is an integer number, the problem encountered with infinite-dimensional representations is not present and, as we have seen, the consistent equations for the helicity ±λ fields are obtained. Solution (3.9) explicitly illustrates the above mentioned convergence problem of extension of the infinite-dimensional representations of the algebra sl(2, C) to that of the group SL(2, C). Indeed, general Lorentz transformations break the inequality (3.10) transforming a normalized state into a not normalized one.
We have seen that the proposed spinor sets of equations cannot be used to describe a massless field with fractional helicity in (3 + 1)D because the maximal invariant group of the solution is broken down to the Poincaré group in (2 + 1)D. Moreover, the same problems arise under attempt to describe the massless field of integer or half-integer helicity by means of infinite-dimensional representations of sl(2, C) associated with RDHA. So, we may wonder if this feature is general or it is specific to the equations (3.1) we have considered. In other words, we may address the general problem if fractional helicity states in (3 + 1)D might exist. At this point, the natural question we should ask concerns the other type of equations that could be proposed. Following ref. [18] and the results obtained in (2 + 1)D [7] , a vector set of equations can be considered,
where α is some constant. Contraction with P µ shows that we have a massless field. Then, choosing the frame where P µ = E(1, 0, ǫ, 0), we reduce the system of equations to the system
For ǫ = +1, the solution has to obey the relations J − ψ =J + ψ = 0, whereas for ǫ = −1 they are changed for J + ψ =J − ψ = 0, that is possible only for the finite-dimensional representations of sl(2, C). In other words, we arrive at the same problems as before and Eq. (3.11) is not consistent for the states carrying fractional helicity. On a general ground, any set of equations which can be proposed to describe a massless field of helicity λ (fractional or not) has to give rise to the "helicity equation"
with W µ the Pauli-Lubanski vector. In components, these equations are reduced to the system of equations
14)
Consequently, as Eqs. (3.1) and (3.11), Eqs. (3.13) are not compatible with fractional helicity either. Indeed, e. g., in a frame where P µ = E(1, 0, ǫ, 0), the equations are simplified for
and with ǫ = +1(−1) we have either a representation bounded from below (in the left-handed sector) or bounded from above. So, in a similar way as before, the maximal subgroup of the solution is reduced to the three-dimensional Poincaré group. Moreover, as for Eq. (3.11), from equations (3.15) we conclude that the irreducible massless representations of the (3 + 1)D Poincaré group of finite helicity can be described only by means of finite-dimensional representations of sl(2, C), and in this case the helicity can take only integer or half-integer values. The construction of the positive energy massive Dirac equations [12] is based on the representation of the type D + λ ⊗D + λ and in the massless case they are reduced to the equations of the form (3.1) to be imposed on the same state. The general analysis associated with Eq. (3.13) means, in particular, that Dirac equations [12] have no consistent massless limit. In the context of equations (3.1) imposed on the same state one sees that they have no normalized solution, e. g., for p µ = (E, 0, −E, 0) (see Eq. (3.6)). This means that the Dirac equations break Lorentz symmetry in the massless limit.
Concluding remarks
The specific properties of the (2 + 1)-dimensional space-time allow ones the existence of anyons. The little group of massive states in (2 + 1)D coincides with the compact part of the little group of massless (3 + 1)D states being infinitely connected group SO(2). Consequently, the "charge" of its universal covering group SO(2) = R is not quantized. The group theory justification of anyons is related to the fact that the representations of the fractional charge describing relativistic anyons can be extended to representations of the whole (2 + 1)-dimensional Lorentz group which is also infinitely connected. In this paper we have shown that the massless (3 + 1)-dimensional fractional helicity states cannot be described in a consistent way and that integer and half-integer helicity massless particles can be described only in terms of finite-dimensional representations of sl(2, C). Analysing the solutions to the relativistic wave equations, we have traced out explicitly that the corresponding infinite-dimensional representations of the Lie algebra sl(2, C) cannot be exponentiated to representations of the Lie group SL(2, C) for the massless states of fixed helicity. Moreover, we have observed that the solution of relativistic wave equations describing fractional helicity states breaks down the (3 + 1)D Poincaré invariance to the (2 + 1)D Poincaré invariance and after dimensional reduction leads to a consistent set of covariant (2 + 1)D equations describing anyons. This last property can be compared with a result obtained previously in ref. [25] in a different context. Here the proposed equations look invariant under the (3 + 1)D Poincaré transformations but relativistic invariance is broken at the level of the solutions. In the paper [25] two of us have obtained similar results, which were related, however, to the fact that the considered there Lorentz automorphism of the underlying algebra is outer and not obligatory inner. Only when the outer automorphism becomes inner, a covariant equation can be obtained. All this means, in particular, that it is not enough to have the equation (or the set of equations) which looks invariant (or covariant) to construct a covariant theory.
